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Abstract We discuss the occurrence of positive solutions which decay to 
as \x\ — > +oo to the differential equation Au + f(x,u) + g(\x\)x ■ Vu = 0, 
\x\ > R > 0, x G M n , where n > 3, g is nonnegative valued and / has alter- 
nating sign, by means of the comparison method. Our results complement 
several recent contributions from [M. Ehrnstrom, O.G. Mustafa, On positive 
solutions of a class of nonlinear elliptic equations, Nonlinear Anal. TMA 67 
(2007), 1147-1154]. 
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1 Introduction 

Consider the semilinear partial differential equation of second order 

Am + f(x,u) + g(\x\)x ■ Vu = 0, x e Gr, (1) 



1 



Positive solutions of PDE's 



2 



where Gr = {x € R n : \x\ > R}, n > 3, R > and the functions f,g verify 
the following smoothness assumptions: given a 6 (0,1), / G C a (M x J, R) 
for every compact set M C Gr and every compact interval J C R, and g G 
(^([i^+oo^R). 

In [H |2], A. Constantin has established by means of comparison method 
[5] - see also [7] for a specifically designed approach — that the equation 
(PQ) possesses a positive, decaying to as \x\ — > +oo, solution u defined in 
Ga for some A > R. 

The main difficulty of the investigation from [U [2] consists of the con- 
struction of the positive supersolution for the equation (TjQ) since it requires 
solving an infinite-interval boundary value problem for a nonlinear ordinary 
differential equation. 

It was also assumed there that 

< f(x,u) < a(\x\)u, ue[0,e], (2) 
for some e > 0, where a : [R, +oo) — > [0, +oo) is continuous and such that 



ra(r)dr < +oo. (3) 



R 



The sign condition emerging from ([2]), namely uf(x,u) > 0, is essential 
for applying the maximum principle in the proofs from [lj [2] . 

In [3], M. Ehrnstrom was able to significantly improve the conclusions of 
[U [2] in the case when g(r) > for all r > R by noticing a special feature of 
the supersolutions to ([T]) which is the consequence of the particular form of 
the ordinary differential equation used for constructing the supersolutions: 



h"+p(s) (h'-^J +q(s,h) = 0, s > s > 0. 



(4) 



A simplification of the proofs from [21 [3] can be read in [6] . 

A further development of the techniques from [H El E] has been done in 
jl], where the comparison equation (@| was regarded as a small perturbation 
of the integrable ordinary differential equation 

h" + p(s) (^h' - = 0, s > s > 0. 

One of the major shortcomings of [H Theorem 1] is that, unless g verifies a 
technical hypothesis, the coefficient a from (j2J) will have to obey the condition 

rOO 



r n a(r)dr < +oo, 



R 
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which is much more restrictive than ([3]). 

Our aim in this note is to give a positive (partial) answer to the following 
problem that, to the best of our knowledge, is open: assuming that g is non- 
negative valued everywhere, both functions /, g are as smooth as necessary 
for the comparison method to work and the hypothesis (j2J) is replaced by the 
condition 

ai(\x\) < f(x,u) < a 2 {\x\), (x,u) G V C G R x [0,e], 
where the continuous a^s have alternating sign and 

/ r\a,i(r)\dr = +00, ie{l,2}, (5) 

JR 

with (if any) additional restrictions upon /, g, can one produce a positive 
solution u of equation (JTJ such that lim u(x) — ? 

The approach presented here relies on building a pair of subsolutions 
and sup ersolut ions to the equation (JTJ with the help of some positive and 
bounded solutions of two differential equations of type (jl]). The proof of ex- 
istence for a positive, vanishing at infinity, solution u of equation (JTJ lying in 
between these subsolutions and supersolutions will follow then by a standard 
application of the classical comparison method. 

This note consists of four sections. The second and third sections, of 
independent interest, deal with the problem of bounded solutions for the 
ordinary differential equation (J3J). The construction from the third section 
will be used for producing the needed family of functions /, g in the last 
section. 



2 Positive solutions of certain equations (EE) 

Let p : [sq, +00) —> [0, +00) and q : [so, +00) — » R be two continuous func- 
tions such that p is L 1 in (s , +00) and q has alternating sign. 
Suppose that the quantity 

z(s) = -exp ^ p{r)dr^j jT q{r) exp ^ p(0^ ^ (6) 

is bounded in [s ,+oo). Then, the function h : [s , +00) — > R with the 
formula 

w = / 4/^ (7) 
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will be a solution of the differential equation 

ti'+p(s)(h'-^+^ = 0, s>s . (8) 

Several restrictions will be imposed next on p, q in order to obtain a 
positive solution h in (J7]). 

Lemma 1 Set X = p(r)dT < 1. Assume that there exist an increas- 
ing, unbounded from above sequence (a m ) m > 2 of numbers from [s , +oo) and 
another sequence (e m ) m >i o/ numbers from (0, +oo) snc/i i/iai 

> 0, s G (a 2 m,a2m+i), g(s) < 0, s G (a 2m+ i, a 2m +2), (9) 



ra,2m + l / /" + 00 \ ra,2m. + 2 

/ q(s)ds>(l + 3 p(r)dr) / [g(s)|ds 

>'«2m \ >>a2m / J a2m + l 



(10) 



and 



«2m+l pa2m + 2 

q(s)ds<e m + / |g(s)|ds (11) 



'02m ■ / 02m+l 

/or all m > 1 . 

+oo 

Suppose also that Yl £ m = £ < +oo and i/iai 



m=l 

0,2m+l 



q(s)ds < 5 < +oo, m > 1. (12) 



«2» 



Then, the function z from (Tj|) zs negative valued and bounded in the inter- 
val [sq, +oo) and, consequently, h is a positive valued and bounded solution 
of equation (TJJ] £/ie quantity decreasing to as s — > +oo. 

Proof. We start by noticing that expo; < 1 + 3x for all x G [0, 1]. Since 
A G [0, 1), we have 

(ra,2m+2 \ ra,2m + 2 

I p(r)dT J < 1 + 3 / p(r)dr, m > 1. 
^ 0.2m / •'a2m 

Taking a 2 = So for simplicity, we have the estimate 



/•a-2m + 2 / f S \ 

/ g(s) exp I / p(r)dT J 

</a 2m V^sn / 
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«2m+l 



aim 



ra 2m +2\ / rs \ 

' J q(s) exp I / p{j)dr J ds 

<J2m + l / \Jsq J 



q(s)ds ■ exp I / p{r)dr 

0.2m \J So 

0-2m + 2 / pa-2m + 2 

\q(s)\ds ■ exp I / p(r)dr 

(I2m + 1 V^SQ 



> 



exp 



«2n 



p(r)dr 



Q2m + 1 



q(s)ds 



0.2m + 2 



ra,2m + 2 \ 

1 + 3 / J9(r)c/rj / |?(s)|tfa 
> 0, m > 1, 



by taking into account the inequality ( fTOl) . 
Thus we have 



«2)i 



q(s) exp f / p(r)dT \ ds = ^ 

•-<> \Jso J k=l J a 2 k 

> 0, m > 2. 



m—l 



a 2k+2 



q(s) exp I / p{r)dr ) (is 



As the local maxima of z(s) are attained when s = a.2m, the preceding 
computations establish that z is negative valued in [s , +oo). 
Further, we have the estimate 

rCL2m+2 / f S \ 

/ q(s) exp I / p(r)dr J (is 

^ g(s) exp p(r)<ir^ cfs 



' so 

'«2m+l /"l2m+2 
+ 

' «2m ^ 0-2 

(pl2m + l 
/ p(r)dr 



"2m + l 



g(s)c?s 

/ \J 0,2m 

< (exp A)e m , 
according to fTTTj) . and respectively (recall ffl2]) ) 



«2m + 2 



|?(s)|ds 



«2m+l 



m—l 



a 2fc+2 



+ / q(r) exp / p(Z)d£ dr 

J 0,2m \J SO / 

< (e + 5)exp\, s € [a 2m , a 2TO+2 ]- 
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The proof is complete. □ 

We emphasize two particular cases of Lemma [TJ 

The first one is when the continuous function q is L 1 in (so, +00) and 
satisfies the conditions (EL (fTUl). Then, we can take 



«2m+l 

q(s)ds, m > 1. 

«2m 



Here, 

-00 +00 



m =l m =l ^0-2™. 



and we may use 5 = e. 

In the second case, q satisfies the conditions ffTOl) . fjTTj) together with 



0<q-< / < <?+ < +oo> m > 1. (13) 

J "2m+l 



Here, J 00 |g(s)|cfe > ^ g_ = +00 and we may use 5 = e + q + . 

m=l 



Remark 1 We deduce from (fTDjj. 01]) t/jat 

^ + 00 /•a2m + 2 



/■+00 ra2m+2 

I p(r)dr ■ \q(s)\ds < e m , m > 1. 



27ms means that, when [W\l holds, an additional hypothesis must be in- 
troduced for the function p, namely 

+00 ^.+00 ^ +°° 

J2 / p( r ) dr ^ — J2 £m = — < +o °- 

m=l ^ a2m ^ m=l ^ 

To ^iue a computational particular case of this situation, assume that 

inf (a 2m +2 - a 2m ) = A > (14) 

m>l 

and 

/+00 r+oo /"+oo 

(s — s )p(s)ds = / p(r)dTds < +00. (15) 

_n J sn J s 
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Then, we have the estimate 

+°° raim r+oo 



r+oo ra 2m r+oo 

/ (s — so)p(s)ds = / / p(r)drds 

J so m=2 a 2m-2 J s 

+ OO M2 m r + oo 

> J2 / / P(r)dTds 

m = 2 a 2m-2 "'012m 

> A / p(r)drds. 



3 Example 

Set a m = rmr, where m > 1. Thus, recalling f)14p . we have A = 27r > 0. 
Assume also that A = f + °° p(r)dr < 1 and (IT5|) holds. 
Set 



< g_ < q + < +00, 

6 < 7 < a < +00, (16) 
< r] < 9 < +00 

and introduce the sequences (c m ) m >i, (d m ) m >i via the restrictions 

9- < - <?+ 



and 



d m + 7 / p(r)dr + 77 < c, n 



T -'a 2m 



9 f 00 

< cf TO + <7 ■ — / p(r)dT + 9 

77 •/ m m 



TT 

for all m > 1. 

Introduce the function q : [s , +00) —> K with the formula 

/ \ _ f C m sin 2 S, S G [a 2 mj 0-2m+l] ) 

\ -<i m sin 2 s, s e [a 2m+ i,o 2 m+2], 

and notice that it is continuously differentiable and bounded in [s , +00) 
from the estimate 

\q(s)\ < max{c m , d m } = c m 

a 1 

< d m + a ■ — A + 9 ■ - 

71 71 

< -[(2 + a\)q + + 9} < +00. (18) 

71 
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We have also 



/ q(s)ds = -Cm, / \q{s)\ds = ~d m . 



Now, 



«2m+l fO-2m + 2 _ 



q(s)ds- I \q(s)\ds = -(c m - d m ) 



12m + l 



>i-Q+ p(r)dr + r 1 -2- m >l.q + p{r)di 

J 0,2m J 0,2m 

r+oo ra,2m+2 

> 3 / p(r)dT- / \q(s)\ds 

J 0,2m J «2m+l 



which means that f lTU]) holds. 
Further, 



r02m+l r02m + 2 

I q{s)ds — I \q(s)\ds 

J 02m J «2ra+l 

* + 00 



2 



< °- ■ q + I p(r)dr + 9 ■ 2' m = e r 



2 ii 



which leads to (TTTj, . 

In conclusion, the function q from (|T7I) fulfills all the requirements of 
Lemma [1] and generates a positive and bounded solution h for the equation 
([HD such that 

d ( his) \ , ,. , z(s) 
s— = fc'fs) - — = < 0, s > s . 



ds \ s 

For the significance of this estimate, see [21 0]. 

Two important features of the example follow from the next computa- 
tions, namely 



m=l ^ fl 2m+l 



> 2^ / "™ as > 2^ / 4 «s 

m =l •'l2m+l + l ' S m=l "' a 2m+l + f : "' 

>5> 



-oo 



J (2m + 2)7r-f 2 
/ — ' 8m + l 7r 

m=l 
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and, given q > and recalling (fT5|) . 



hOO 



us < / ' cfe < +oo. 



To deal with the problem stated in the introduction, we introduce now a 
pair ((71,(72) of functions verifying f fl6|) . (fTTj) such that 

< 92(5), s > s . (19) 



We shall use the upper index i when referring to the constants from (JT6 
that characterize the function a;, where i G {1,2}. 
Set 

qt = g_, g+ = g+, 

and 

a 1 < 7 2 , tf 1 ^ 2 . 
Set also a G (0, 7 2 — cr 1 ) and /3 G (0, r? 2 — 1 ) small enough to have 

a x f3 
9- + ^- ■ <?+A + - < g+ 

and notice that this restriction implies 

2 g + f +oc 2 1 ~ m 2 

— g_ + a ■ — / p(t)cIt + (5 ■ < — q +) m > 1. 

7T 7T /„„ 7T 7T 

Introduce the sequences (c?^) m >i via the restrictions 

-q- < d x m ~ « • — / p{r)dT - /3 

2 

< d 2 m < d m < -q+. 

7T 

The sequences (c^) m >i are given by the inequalities 

4 + 7 1 -- / + <cl 

00 ol— "* 



a f +OQ 9 

^rf^ + a 1 -^ / p(r)dr + e l " 



< (4 + a • — / p(r)dr + /3 

71 Ja^ 71 
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+0" 1 ■ — / p(r)dr 



71 



31 2 



1— m 



«2)i 



7T 



7T 

< dm + ° ■ — 

7T 



p(r)dr + rf 



aim 
oo 



2 l-m 

7T 
2 l-m 

7T 



for all m > 1. 

Notice the inequalities 



4 > t4 > > <4 > 0, m > 1, 



which help establishing f JT9|) . 



4 Positive solution of the equation (HI) 

Given n > 3 and R > 0, introduce the function /3 : [s , +oo) —> [R, +oo) 
with the formula 



n-2 



s > (n - 2)i? 



n-2 



Consider also the smooth functions t> , ft, connected by 
u(z) = Mfi, x eR n , s>s ,\x\ = (3{s). 



Obviously, v is radially symmetric. 
It can be established readily that 

Av + f(x, v) + g(\x\)x ■ Vf 
n-2 



(3(s)l3>(s 
1 



h"(s)+P(s)P'(s)g(P(s))[ti(s 



h(s) 



n-2 



P(s)P'(s)f(x,v) 



(20) 



see also [U p. 1150]. 

Assume now that the function / verifies the following hypothesis 

ai(|x|)</(x,u)<02(|a;|), (x,u) eV, (21) 

where the continuous functions a, : [R, +oo) — >• R have alternating sign and 



V 



(x,u) : x G M n , |x| > i2, < u < for 0(s) = \x\ 
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and 



hi(s) = sj s 



gi(l) 



2 dr, 



Zi{s) = - exp (- p(r)dr) g 4 (r) exp ( p(O^) dr, 



and 



p(a) = P(s)F(8)g{P(a)), 



n-2 



/^'(sKO^s)) 



for s > so and z G {1, 2}. Here, the functions p, are supposed to verify the 
requirements of Lemma [TJ 

An example of such a pair (g 1; g 2 ) has been given in the preceding section. 

Notice that the functions hi are positive valued and bounded solutions of 
the linear differential equations 



0. 



s > s , 



which belong to the class (jl]). 

Given the functions with Vi(x) 
that via (EDI) 



hjjs) 



for P(s) 



\x\ > R, we remark 



Avi + f(x, v x ) + g{\x\)x ■ Vf 1 
n-2 



> 



1 



ti;(s) + P(s)(3'(s)g((3(s)) (Kis)- 



n-2 




P(s)P'(s)aMs)) 



and respectively that 



Af 2 + f(x, v 2 ) + g{\x\)x ■ Vt> 2 

" ' K(s)+(3(s)(3'(s)g(f3(s))[h' 2 (s) 



< 



1 



ho(s) 



n-2 
0. 



P( S )P'( S )a 2 (/3( S )) 



Thus, v\ is a subsolution and v% is a supersolution of the equation (JT]). 
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We have t>i(x) < v 2 {x) for x G G\r. According to the classical compar- 
ison method [3], the equation ([TJ has a solution, non necessarily of radial 
symmetry, such that 

V\(x) < u{x) < V2(x), X G Gr. 

The functions Vi are positive valued, so we conclude that this solution u is 
also positive valued and behaves like 



(x) =0(s~ 1 ) =0(|x| 2 - n ) 



when \x\ — > +00. 

In the end, let us recall the function q from f[T7|) . The functions Oj from 
the double inequality ( )2T|) are modeled by 



The restrictions regarding p, q from the example yield 

f+°° \q( s )\ 

sp(s)ds < +00, / ds = +00 



SO J SQ 



and also 

30 l?W 



«0 6 



■ds < +00 when q > 0. 



Translated for a,i,g, they read as 

/•+00 

/ r n ~ l g(r)dr < +00 



and 



"+00 

r\a,i(r)\dr = +00, / r 1 ~ q ^ n ~ 2 ^\ai(r)\dr < +00. 



As a result, the methods from [2]~[1] or [6] are not applicable here. 
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